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approximation, these conditions will be reduced to the solvability of the linear equation
Pojgp+FPy=0 (F=4,5,..)
where C;,; 1is the integration constant of the solution T of the (/ —2)~th approxi~

mation respectively. The coefficient P=0 will remain general for all j-th approximations.,
Thus we have the following theorem.

Theorem §. Eq.(l) has two families of 4n-periodic sclutions which are represented by
the first series of (2), and the first approximation has the form

= by (e E2 g B/

Similar result can be cbtained for the second libration point L.
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GROUP-THEORETICAL ANALYSIS OF THE EQUATIONS OF MOTION OF A THIXOTROPIC FLUID*
R.N. BAKHTIZIN

A group~theoretical classification of a system of equations describing
a one-dimensional flow of a thixotropic fluid is carried out. Certain
invariant solutions are analysed.

1. we shall regard, as a thixotropic fluid, a medium in which an increase in shear
stresses leads to a decrease in viscosity due to disruption of internal structure of the
medium. Such fluids include asphalt - and paraffin-contg. oils, a number of polymer
solutions, clayey solutions, et al.

We describe the flow of a thixotropic fluid, of viscosity u depending on a single
structural dimensionless parameter i, with help of the models /1, 2/ which can be written,
in the one~dimensional case, in the form

w= @My, A=P0, ) (1.

Models of this type are also used when describing the filtration of a viscoelastic fluid
/3/.

Let us investigate the group properties /4, 5/ of system (1.1).

When the functions () and ® (@A, u,) are arbitrary, system (1.1) admits of a three-
dimensional algebra L, of infinitesimal operators with the basis X;= 9/9t, X, = &0z, X,= d/ou,
corresponding to the shears in ¢, o, u

Let us determine under what special conditions imposed on u and ® this algebra can be
extended. The analysis of the system of defining equations /4/ for (1.1) shows that the
following assertion holds:

If u =0, 0Q/Pu, 0, IQ/F1 £ 0, then the algebra extends only for one of the following sets
of u and ®: " Hp is an arbitrary function, & = w.% (A, where f is an arbitrary function,

a = 0; and the positive basis operator has the form

*Prikl.Matem. Mekhan. , 53,2,341-343,1989
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a [ .8
Xy=az 5= - ZmijaT-Q-(a—Z)u*;;-

2) p is an arbitrary function, @ = (uMV/u') F (un®), where oFlou,#0,8,ve=R; and the
additional operator is

iy 2 o (izx ) NI .
=3 "5?“\"“&‘*‘( ) R e BT
3} u is an arbitrary function, @ = (p/p'}(i - pu,d) where e+ 0, and the additional

operators are

a d g 4 d 4 n @
X-=uw+<e-2>"*a‘a“+257'f?a7' Xo=etgpr e gy

2. Let us investigate, for the cases shown above in Sect.l, the invariant solutions
connected with the appearance of additional basis operators. To do this we write, for each
of these cases, the invariant solutions corresponding to the operators which appear in the
optimal system of subalgebras /4/ and contain the additional operators.

1} The optimal system of subalgebras contains the operator X+ e¢Xs,, c=R, and if o« +32,
then ¢=0. The corresponding invariant solution has the form

u=clt V9 (E), A=y ®), &= ah
ve= (2 — a)(2a), and ¢ and ¢ satisfy the following system of ordinary differential equations:
v+ YoEY + (b (99 = Yie, YoV + 1 (P =0

2) If y#£0 or ys=1, the operator appearing in the optimal system has the form
Xy cX5,c= R, and ¢=0 when o=§ %, {1 —y)=0. The invariant solution u= (c/y)lnt-+ (£},
pOy =1V g =V and ¢ and ¢ satisfy the system

t—
T e R = 0Y . (L= MR = )

When =0, the optimal system contains X;- eX;+ cXya,¢e R, and if Pp==¥,, then o&=0.
The invariant solution is

2= BPE) + 2%z, pR)=9F), E=t—2lnz

When 7y=1, the required operator has the form X;-+ bX,+ ¢X, {(when 0, then = 0},
and the corresponding solution is

u=tfpE) —clnt, M =W (E), t=cs+blnt

The functions ¢ and ¢ satisfy, in each case, the corresponding system of differential
equations.

3) The operators appearing in the optimal system can be conveniently written in the form:
a) eX,+ X+ Xe/ b) bX;+ dXy+ X and c) cXg+ Xet+ Xu where a,b,¢c,de R, and =0
when e=2. The invariant solutions for each of these operators are written in the form

Q) u=zEP e @) f2dnz, pM)=29®, E=z
by u=de' +o®), pM=cPE, t=z—b
O u=e®Vp @), p)=cTpE), E=lnz—er, T=e

Here, as before, the functions ¢ and ¢ satisfy the corresponding systems of differential
equations.

3. Let us analyse some of the invariant solutions obtained in Sect.2.

A kinetic equation linear in A and of some degree in uy, 1.e. an equation of the form
Ry b &= u,m, is often used in practice. A power relation p=4a" is assumed in Egs.{1.1},
and in this case the invariant solution can be written thus:

u = {zo — PG {1}, A == (2o — 2)¥"p (H,.p = (A{mn)) + 1, 2, > Q
In the case when nr=—1, the system of differential equations in ¢ and ¢ can be
integrated in quadratures, and‘its solution can be written in the form

¢
t=totIn (141 {expla(@” —qo™] do @.1y
@
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1l>=woew[q(lp"'—%m)l(i+l

__(m=2™ L fom®
T2m—tymm™1l’ T (m—D(m—2

In the case of a thixotropic medium, the quantity m must be positive. Then from (3.1)
we see that if a zone with a disrupted structure (0<z<Cz) did exist at the initial
instant, then at subsequent instances a perturbation in a specified mode at the boundary
z=0 would not propagate beyond the boundary z = z,

In the case of the operator b»X,- dX,-+ X, the solvability in quadratures of the system
of equations for ¢ and ¢ will make it possible to write the corresponding invariant sol-
ution in explicit form

w=de' £ bPE) fas, PR =Y (D)
= oxp [— Y2 b~ + o] (b { exp [1a bt & + el dE + o

§=I—-—be‘

where ¢, ¢, ¢ are arbitrary constants.

In the case when a system of differential equations in ¢ and ¢ cannot be solved in
quadatures, then the corresponding invariant solutions can be analysed using numerical methods
and the methods of analytic theory of ordinary differential equations.

The author thanks N.Kh. Ibragimov for refereeing the paper and for valuable comments.
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